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Abstract. We present the analytical post-Newtonian solutions for the test particle’s motion
in the Reissner-Nordstro¨m spacetime. The solutions are formulated in the Wagoner-Will
representation, the Epstein-Haugan representation, the Brumberg representation, and the
Damour-Deruelle representation, respectively. The relations between the (post-)Keplerian
parameters in different representations, as well as their relations to the orbital energy and
angular momentum are also provided.
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1. Introduction
The analytical solutions for the test particle’s motions are of importance in both the theoretical
significance and in the real applications, and have been occupied a very important status
in the gravitation theories. For the Newton theory, the particle’s motions in the spherically
symmetric field can be described by the Kepler solutions perfectly. The analytical solution
for the motion of test particle in Schwarzschild spacetime is first achieved in terms of elliptic
functions by Hagihara [1]. Since then, the analytical solutions for the motion of the (neutral
or charged) test particles have also been explored for the spacetimes of the other classical
black holes, e.g, the Reissner-Nordstro¨m spacetime [2, 3], the Kerr spacetime [4, 5], and the
Kerr-Newman spacetime [6]. All these solutions are formulated in terms of different elliptic
functions.
The solutions formulated with the elliptic functions are exact and concise, but the
elliptic functions are not convenient in deriving the quantities related to the motion such
as orbital periods and gravitational waveforms, and can not explicitly exhibit the effects of
the gravitational source’s parameters on the motion of the test particle. For the gravitational
fields being not too strong, we can employ the post-Newtonian (PN) approximations to study
the test particle’s motions in these kinds of fields, and the motions of the test particle can
be formulated without involving the special functions. The analytical PN solutions for the
test particle’s motion and gravitational radiation in the Kerr and Lense-Thrring spacetimes
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have been studied [7, 8, 9]. At the other hand, since the binary systems are very important in
testing the gravitation theories, a number of analytical solutions for the binary systems have
also been achieved, not only for the first PN order [10, 11, 12, 13, 14, 15, 16, 17, 18, 19],
but also for the higher PN orders for the mass [20, 21, 22, 23, 24], as well as the spin’s
effects [25, 26, 27, 28, 29, 30, 31, 32], and the quadrupole’s effects [33, 34]. The solutions for
the test particle’s motion can be obtained from those for the binary systems directly via taking
the limit of extreme mass ratio.
In this work, we study the PN solutions for the test particle’s motion in the Reissner-
Nordstro¨m spacetime, which characterizes the field of a classical charged black hole. We
derive the post-Keplerian orbit and period in the harmonic coordinates, and the solutions are
formulated in the Wagnoner representation [11], the Epstein-Haugan representation [12, 14],
the Brumberg representation [10] and the Damour-Deruelle representation [13], respectively.
The rest of this paper is organized as follows. Section 2 gives the post-Newtonian
dynamics for the test particle in the Reissner-Nordstro¨m spacetime. In Section 3 we present
the post-Keplerian solutions for the orbit and period. Section 4 gives the relations between the
(post-)Keplerian parameters and the orbital energy and angular momentum. The summary is
given in Section 5.
2. The post-Newtonian dynamics for the test particle
In the harmonic coordinates, the metric of Reissner-Nordstro¨m black hole in the first PN
approximation can be written as [35]
g00 = −1 +
2M
r
−
2m2 + q2
r2
, (1)
g0i = 0 , (2)
gij =
(
1+
2m
r
)
δij , (3)
where m and q denote the mass and electric charge of the black hole. r ≡ |x| denotes the
distance from the field position x ≡ (x1, x2, x3) to the black hole located at the coordinate
origin. The gravitational constant and the light speed in vacuum are set as 1. The metric has
signature of (−+++). Latin indices i and j run from 1 to 3. The corresponding Lagrangian
reads:
L =
1
2
v
2 +
m
r
+
1
8
v
4 +
3
2
m
r
v
2 −
1
2
m2+q2
r2
. (4)
The orbital energy E and the normalized orbital angular momentum J in the Reissner-
Nordstro¨m spacetime can be calculated by
E =
1
2
v
2 −
m
r
+
3
8
v
4 +
3
2
m
r
v
2 +
1
2
m2+q2
r2
, (5)
J =
|x× v|
m
(
1 +
1
2
v
2 +
3m
r
)
, (6)
where v≡ dx
dt
denotes the velocity of the test particle.
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The motion of the test particle is described by the geodesic equation. Based on Eq. (1)-
(3), we can obtain the equations of motion of the particle
d2x
dt2
= −
mx
r3
[
1−
m
r
(
4 +
q2
m2
)
+ v2
]
+
4m(v · x)
r3
v . (7)
In the next section we will derive the post-Keplerian solutions to Eq. (7) via several
classical representations.
3. The post-Keplerian motion in Reissner-Nordstro¨m spacetime
Since the Kepler solutions are the basis to derive the post-Keplerian solution for the particle’s
motion, we include it here for the completeness.
3.1. The Kepler solutions
In the frame of Newtonian theory, the charge of gravitational source does not have effects on
the particle’s motion, and we assume that the particle moves along the Kepler orbit with an
eccentricity e and a semi-latus rectum p. Without the loss of generality, we can take the plane
in which the particle moves as the equatorial plane, then the particle’s position vector x can
be written in terms of r and φ
x = r(cosφ ex + sinφ ey) , (8)
and the Kepler solutions gives:
r2
dφ
dt
= (mp)
1
2 , (9)
v =
(m
p
) 1
2
[−sin φ ex+(e+ cos φ)ey] , (10)
r =
p
1 + e cosφ
, (11)
t
( 2pi
TE
)
= E − e sinE . (12)
where E denotes the eccentric anomaly, and TE denotes the period for the eccentric anomaly
TE = 2pi
(a3
m
)1
2
, (13)
with a≡p/(1− e2) being the Kepler orbital semimajor axis. The relation between φ and E is
sin φ =
(1− e2)
1
2 sinE
1− e cosE
, cosφ =
cosE − e
1− e cosE
. (14)
The Kepler orbital period can be described by TE .
3.2. The Wagoner-Will representation
Following the method given by Wagoner and Will [11], we can obtain the PN solutions for
the particle’s motion in Reissner-Nordstro¨m spacetime as follows
r2
dφ
dt
= (mp)
1
2
(
1−
4me
p
cosφ
)
, (15)
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v =
(m
p
)1
2
[
−sin φ ex+(e+ cosφ)ey
]
+ ex
{(m
p
)3
2
[
−3eφ+3 sinφ−e2 sinφ+
1
2
e sin 2φ+
q2
m2
(1
2
eφ+sinφ+
1
4
e sin 2φ
)]}
− ey
{(m
p
)3
2
[
3 cosφ+3e2cosφ+
1
2
e cos 2φ+
q2
m2
(
cosφ+
1
4
e cos 2φ
)]}
, (16)
p
r
= 1+e cosφ+
m
p
[
−3+e2+
7
2
e cosφ+3eφ sinφ−
q2
m2
(
1+
1
2
eφ sinφ+
1
4
e cosφ
)]
. (17)
The orbital precession per revolution∆ϕ can be obtained from Eq. (17)
∆ϕ = 2pi
[m
p
(
3−
q2
2m2
)]
. (18)
Substituting Eq. (17) into Eq. (15), and keeping all terms to the first post-Newtonian
order, we can achieve the particle’s orbital period as follow
Tφ =
∫ 2pi+∆ϕ
0
dt
dφ
dφ = 2pi
(a3
m
)1
2
{
1+
[
9+
9
2
e2+3e4+
q2
m2
(3
2
+
3
4
e2
)] m
a(1− e2)2
}
. (19)
3.3. The Epstein-Haugan representation
With the variable “true anomaly” η, Eqs. (15) and (17) can be written in a periodic
form [12, 14, 15]
η =
[
1−
m
p
(
3−
q2
2m2
)]
φ , (20)
r2
dφ
dt
= (mp)
1
2
[
1−
4me cos η
p
]
, (21)
p
r
= 1 + e cos η +
m
p
[
−3+e2+
7
2
e cos η−
q2
m2
(
1+
1
4
e cos η
)]
. (22)
We can also formulate the orbit in terms of the “eccentric anomaly” E ′ which is related
to the “true anomaly” η by
sin η =
(1− e2)
1
2 sinE ′
1− e cosE ′
, cos η =
cosE ′ − e
1− e cosE ′
, (23)
then the orbit can be written as
r = a(1−e cosE ′) +
m
(1−e2)2
{[
3+
23
4
e2−
e4
2
+
q2
m2
(
1+
e2
8
)]
−
[19
2
+
3
2
e2−
q2
m2
(7
4
−
e2
4
)]
e cosE ′ +
[13
4
−
e2
2
+
3
8
q2
m2
]
e2 cos 2E ′
}
.(24)
From the above relations among φ, η and E ′, we can obtain the dependence of the
“eccentric anomaly” E ′ on the time t as follow
t
( 2pi
TE′
)
= E ′ − g sinE ′ − h sin 2E ′ , (25)
where TE′ denotes the E
′-period
TE′ = 2pi
(a3
m
)1
2
{
1+
m
a(1−e2)2
[
9+
9
2
e2+3e4+
q2
m2
(3
2
+
3
4
e2
)]}
, (26)
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and
g = e
{
1+
m
a(1−e2)2
[
9−
1
2
e2−3e4−
q2
m2
(11
2
−
1
4
e2
)]}
, (27)
h =
me2
a(1−e2)2
(
−
13
4
+
1
2
e2−
3
8
q2
m2
)
. (28)
The formulas for g and h will become identical to those for the two-body system in general
relativity given by Klioner and Kopeikin [17], when the source’s charge are dropped in the
former and the limit of extreme mass ratio is taken in the latter.
It can be seen that the formula for the E ′-period given in Eq. (26) is the same as that
for the orbital period Tφ given in Eq. (19). In other words, when the angle φ goes from 0 to
2pi +∆ϕ, the angle E ′ goes from 0 to 2pi in the same period.
3.4. The Brumberg representation
Following the method of Brumberg [10], we can formulate the post-Newtonian solution as
follows
r =
ar(1− e
2
r)
1 + er cos f
, (29)
with f being the true anomaly which obeys
f =
[
1−
m
ar(1− e2r)
(
3−
q2
2m2
)]
φ . (30)
here we can see that r± = ar(1 ± er) are the minimal and maximal values for the post-
Keplerian orbit, thus ar and er can be regarded as the generalized orbital semimajor axis and
eccentricity of the post-Newtonian solution, and are called as the post-Keplerian parameters,
in order to distinguish the Keplerian parameters (a, e). The relations between (ar, er) and
(a, e) are as follows
ar = a
{
1 +
m
a(1−e2)2
[
(3+9e2−e4) +
q2
m2
(
1+
1
2
e2
)]}
, (31)
er = e
{
1 +
m
a(1−e2)
[(13
2
−e2
)
+
3
4
q2
m2
]}
. (32)
Similarly, introducing the eccentric anomaly E which is related to f via
sin f =
(1− e2r)
1
2 sinE
1− er cosE
, cos f =
cosE − er
1− er cosE
. (33)
we can obtain the relation between the eccentric anomaly E and the time t as follow
t
( 2pi
TE
)
= E −
(
1−
4m
ar
)
er sinE , (34)
with
TE = 2pi
(a3r
m
)1
2
(
1+
9
2
m
ar
)
, (35)
representing the period of the eccentric anomaly. Later we will show that this formulation
of period is identical to those in the Wagnoner-Will representation and the Epstein-Haugan
representation.
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3.5. The Damour-Deruelle representation
Following the method of Damour and Deruelle [13], we can obtain the PN solution in the
Reissner-Nordstro¨m spacetime in terms of the post-Keplerian parameters (ar, er) and the
eccentric anomaly E as
r = ar(1− er cosE) . (36)
Notice that the definitions of ar and er as well as the relations between the eccentric anomaly
E and the time t are the same as those in the Brumberg representation, so we do not bother to
give them here.
4. The relations between the (post-)Keplerian parameters and the orbital energy and
angular momentum
In the Wagnoner-Will representation and the Epstein-Haugan representation, we can calculate
the orbital energy and angular momentum from Eqs. (5) and (6) as follows:
E = −
m
2p
{
(1− e2)−
m
4p
[
19 + 22e2 + 3e4 +
q2
m2
(4 + 2e2)
]}
, (37)
J =
( p
m
)1
2
[
1 +
m
2p
(
7 + e2
) ]
. (38)
We can also write the Keplerian parameters (p, e) in terms of the orbital energy and
angular momentum
p = mJ 2
[
1−
8+2EJ 2
J 2
]
, (39)
e2 = 1 + 2EJ 2 −
11+30EJ 2+7E2J 4
J 2
−
3+2EJ 2
2J 2
q2
m2
. (40)
Notice that E and J contain the contributions from both the Newtonian parts and the PN
parts, therefore, when we use them to express the Keplerian parameters p and e, we need to
subtract the PN contributions from them. This is the reason that the formulas for p and e look
like having the PN contributions from the source’s mass and charge, but indeed not.
In the Brumberg representation and the Damour-Deruelle representation, we can obtain
the formulas for the orbital energy and angular momentum as follows:
E = −
m
2ar
(
1−
7
4
m
ar
)
, (41)
J =
[ar(1−e2r)
m
] 1
2
{
1 +
m
ar(1−e2r)
[
(2+e2r)−
q2
2m2
]}
. (42)
Vice verse, we can write the post-Keplerian parameters (ar, er) in terms of the orbital
energy and angular momentum
ar = −
m
2E
(
1 +
7
2
E
)
, (43)
e2r = 1+2EJ
2 − E(12+15EJ 2) + 2E
q2
m2
. (44)
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With these relations, the orbit can be formulated in terms of the orbital energy and angular
momentum, and it can be demonstrated that the solutions in all representations are identical
to the first PN order. The orbit can be written as
r = −
m
2E
(
1+
7
2
E
){
1−
[
1+2EJ 2−E(12+15EJ 2)+2E
q2
m2
] 1
2
cosE
}
, (45)
and the relation between the eccentric anomaly E and the time t can be written as
t
( 2pi
TE
)
= E −
[
1 + 8E
(
1−
7
2
E
)][
1+2EJ 2−E(12+15EJ 2)+2E
q2
m2
] 1
2
sinE , (46)
with the orbital period
TE = Tφ = TE′ =
2pim
(−2E)
3
2
(
1−
15
4
E
)
. (47)
5. Summary
Based on the Reissner-Nordstro¨m metric in the harmonic coordinates, we have derived the
post-Keplerian solutions for the test particle’s orbit and period in the Reissner-Nordstro¨m
spacetime via the Wagoner-Will representation, the Epstein-Haugan representation, the
Brumberg representation and the Damour-Deruelle representation, respectively. Among these
representations, the formalisms of Brumberg and Damour-Deruelle are in terms of the post-
Keplerian parameters, while the formalisms of Wagoner-Will and Epstein-Haugan add the
post-Newtonian effects from the source’s mass and charge to the Kepler solutions directly.
All these solutions are identical to the first PN order. For readers’ reference, we also give the
relations between the (post-)Keplerian parameters in these representations, as well as their
relations to the orbital energy and angular momentum.
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